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Abstract

| demonstrate that ratings-based capital rules, including both the current Basel Accord and its
proposed revision, can be reconciled with the general class of credit value-at-risk models. Each ex-
posure’s contribution to VaR jgortfolio-invariant only if (a) dependence across exposures is driven
by a single systematic risk factor, and (b) no exposure accounts for more than an arbitrarily small
share of total portfolio exposure. Analysis of rates of convergence to asymptotic VaR leads to a
simple and accurate portfolio-level add-on charge for undiversified idiosyncratic risk. There is no
similarly simple way to address violation of the single factor assumption.
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Large commercial banks and other financial institutions with significant credit exposure
rely increasingly on models to guide credit risk management at the portfolio level. Models
allow management to identify concentrations of risk and opportunities for diversification
within a disciplined and objective framework, and thus offer a more sophisticated, less ar-
bitrary alternative to traditional lending limit controls. More widespread and intensive use
of models is encouraging a more active approach to portfolio management at commercial
banks, which has contributed to the improved liquidity of markets for debt instruments and
credit derivatives.

Stripped to its essentials, a credit risk model is a function mapping from a parsimo-
nious set of instrument-level characteristics and market-level parameters to a distribution
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for portfolio credit losses over some chosen horizon. The model output of primary interest,
the “economic capital” required to support the portfolio, is derived as some summary statis-
tic of the loss distribution. Once allocated to the individual instruments as capital charges,
economic capital provides a shadow price on the cost of holding each position. Directly or
indirectly, model applications to portfolio management depend on the capacity to assign
appropriate instrument-level capital charges.

Model-based assessment of capital charges offers a potentially attractive solution to
an increasingly urgent regulatory problem. The current regulatory framework for required
capital on commercial bank lending is based on the 1988 Basel Accord. Under the Accord,
the capital charge on commercial loans is a uniform 8% of loan face value, regardless of
the financial strength of the borrower or the quality of collatér@he failure to distin-
guish among commercial loans of very different degrees of credit risk created the incentive
to move low-risk instruments off balance sheet and retain only relatively high-risk instru-
ments. The financial innovations that arose in response to this incentive have undermined
the effectiveness of regulatory capital rules (e.g., Jones, 2000) and thus led to current ef-
forts towards reform. It is widely recognized that regulatory arbitrage will continue until
regulatory capital charges at the instrument level are aligned more closely with underlying
risk.

The Basel Committee on Bank Supervision (1999) undertook a detailed study of how
banks’ internal models might be used for setting regulatory capital. The Committee ac-
knowledged that a carefully specified and calibrated model could deliver a more accurate
measure of portfolio credit risk than any rule-based system, but found that the present state
of model development could not ensure an acceptable degree of comparability across in-
stitutions and that data constraints would prevent validation of key model parameters and
assumptions. It seems unlikely, therefore, that regulators will be prepared in the near- to
medium-term to accept the use of internal models for setting regulatory capital. Nonethe-
less, regulators and industry practitioners appear to be in broad agreement that a revised
Accord should permit evolution towards an internal models approach as models and data
improve.

At present, it appears virtually certain that a reformed Accord will offer a ratings-based
“risk-bucketing” system of one form or another. In such a system, banking book assets
are grouped into “buckets,” which are presumed to be homogeneous. Associated with each
bucket is a fixed capital charge per dollar of exposure. In the latest version of the Basel
proposal for an Internal Ratings-Based (IRB) approach (Basel Committee on Bank Super-
vision, 2001), the bucketing system is required to partition instruments by internal borrower
rating; by loan type (e.g., sovereign vs. corporate vs. project finance); by one or more
proxies for seniority/collateral type, which determines loss severity in the event of default;
and by maturity. More complex systems might further partition instruments by, for exam-
ple, country and industry of borrower. Regardless of the sophistication of the bucketing
scheme, capital charges grertfolio-invariant, i.e., the capital charge on a given instru-

1 The so-called 8% rule takes a rather broad definition of “capital.” In effect, roughly half this 8% must
be in equity capital, as measured on a book-value basis. A very limited degree of risk-sensitivity is achieved
through discounts to the standard 8% that are applied to certain special classes of lending, e.g., to OECD member
governments, to other banks in OECD countries, and for residential mortgages.
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ment depends only on its own characteristics, and not the characteristics of the portfolio
in which it is held. | take portfolio-invariance to be the essential property of ratings-based
capital rules. Throughout this paper, | will use the term “ratings-based” to refer broadly
to portfolio-invariant capital allocation rules with bucketing along multiple dimensions,
rather than to constrain the term to schemes in which capital depends only on a traditional
univariate credit rating.

Though a ratings-based scheme may be a necessary “second-best” solution under cur-
rent conditions, it is nonetheless desirable that the capital charges be calibrated within a
portfolio model. Consistency with a well-specified model would bring greater discipline
and accuracy to the calibration process, and would provide a smoother path of evolution
towards a regime based on internal models. This paper asks how a rigorous models-based
calibration of ratings-based capital charges can be achieved. In particular, what modeling
assumptions must be imposed so that marginal contributions to portfolio economic capital
are portfolio-invariant?

By design, portfolio models do not, in general, yield portfolio-invariant capital charges.
To obtain a distribution of portfolio loss, a model must determine a joint distribution over
credit losses at the instrument level. The latest generation of widely used models gives
structure to this problem by assuming that correlations across obligors in credit events arise
due to common dependence on a seystematic risk factors. Implicitly or explicitly, these
factors represent the sectoral shifts and macroeconomic forces that impinge to a greater or
lesser extent on all firms in an economy. A natural property of these models is that the
marginal capital required for a loan depends on how it affects diversification, and thus
depends on what other instruments are present in the portfolio.

If economic capital is defined within the value-at-risk (VaR) paradigm, then the prob-
lem has a simple answer. Under the VaR paradigm, an institution holds capital in order to
maintain a target rating for its own debt. Associated with the target rating is a probability
of survival over the horizon (say, 99.9% over one year). To be consistent with its target
survival probability (denoted), the institution must hold reserves and equity capital suf-
ficient to cover up to theth quantile of the distribution of portfolio loss over the horizon.
| show that two conditions are necessary and (with a few regularity conditions) sufficient
to guarantee portfolio-invariance under VaR in risk-factor models: First, the portfolio must
be asymptotically fine-grained, in the sense that no single exposure in the portfolio can
account for more than an arbitrarily small share of total portfolio exposure. Second, there
must be at most a single systematic risk factor.

Needless to say, the real world does not give us perfectly fine-grained portfolios. Bank
portfolios have finite numbers of obligors and lumpy distributions of exposure sizes. Cap-
ital charges calibrated to the asymptotic case, which assume that idiosyncratic risk is
diversified away completely, must understate required capital for any given finite port-
folio. To assess the magnitude of this bias, | examine the rate of convergence of VaR to
its asymptotic limit. As an application, | propose a simple methodology for assessing a
portfolio-level add-on charge to compensate for less-than-perfect diversification of idio-
syncratic risk. Numerical examples suggest that the method works extremely well, so that
moderate departures from asymptotic granularity need not pose a problem in practice for
ratings-based capital rules.
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Although it is the standard most commonly applied, value-at-risk is not without short-
comings as a risk measure for defining economic capital. Because it is based on a single
guantile of the loss distribution, VaR provides no information on the magnitude of loss
incurred in the event that capital is exhausted. A more robust risk measexpeited
shortfall (ES), which is (loosely speaking) the expected loss conditional on being in the
tail. From the perspective of an insurer of deposits (e.g., the FDIC in the US), an even
more relevant risk measure égpected excess loss (EEL). Under the EEL paradigm, an
institution must hold enough capital so that the expected credit loss in excess of capital is
less than or equal to a target loss rate. | consider whether ES and EEL deliver portfolio-
invariant capital charges for an asymptotic portfolio in a single-factor setting. Expected
shortfall does, but EEL does not, and thus is unsuitable as a soundness standard for deriv-
ing risk-bucket capital charges.

The emphasis in this paper is on generality across portfolios and models. The use of
asymptotics to characterize model properties is not new, but all previous analyses have been
applied to homogeneous portfolios and with the objective of simplifying computétion.
Banks vary widely in the size and composition of their portfolios and in the details of their
credit risk models. For policy purposes, it is essential that our results be sufficiently general
to embrace this diversity. Indeed, our results are shown to apply to quite heterogeneous
portfolios and across a broad class of credit risk models.

Section 1 sets out a general framework for the class of risk-factor models in current use
under a book-value definition of credit loss. Section 2 presents the key results for VaR for
this class of models. In Section 3, these results are shown to apply equally (with minor
additional restrictions) to the case of “multi-state” models in which loss is measured on a
market-value basis. A capital adjustment for undiversified idiosyncratic risk is developed
in Section 4. In Section 5, | examine the asymptotic behavior of expected shortfall and ex-
pected excess loss as alternatives to VaR. Concluding remarks focus on the assumption of a
single systematic risk factor, which is empirically untenable and yet an unavoidable precon-
dition for portfolio-invariant capital charges. While this assumption ought to be acceptable
in the pursuit of achievable and substantive near- to medium-term regulatory reform, it may
limit the long-term viability of ratings-based risk-bucket rules for regulatory capital.

1. A general model framework under book-value accounting

Under a book-value (aactuarial) definition of loss, credit loss arises only in the event
of obligor default. Change in market value due to rating downgrade or upgrade is ignored.
This is the simplest framework for our purposes, because we need only be concerned with
default risk and with uncertainty in the recovery value of an asset in the event of obligor
default.

2 Large-sample approximations have been applied to homogeneous portfolios under single risk-factor versions
of the RiskMetrics Group’s CreditMetrics (Finger, 1999) and KMV Portfolio Manager (Vasicek, 1997) in order
to obtain computational shortcuts. Burgisser et al. (2001) characterize the asymptotic behavior of a generalized
CreditRisk™ model on a sequence of portfolios withstatistically identical copies of a fixed heterogeneous
portfolio.
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An essential concept in any risk-factor model is the distinction betweeonditional
and conditional event probabilities. An obligor's unconditional default probability, also
known as its PD or expected default frequency, is the probability of default before some
horizon given all information currently observable. The conditional default probability is
the PD we would assign the obligor if we also knew what the realized value of the sys-
tematic risk factors at the horizon would be. The unconditional PD is the average value
of the conditional default probability across all possible realizations of the systematic risk
factors.

Let X denote the systematic risk factors (possibly multivariate), which are drawn from a
known joint distribution. These risk factors may be identified in some models with specific
observable quantities, such as macroeconomic variables or industrial sector performance
indicators, or may be left unspecified. Regardless of their identity, it is assumed that all
dependence across credit events is due to common sensitivity to these factors. Conditional
on X, the portfolio’s remaining credit risk is idiosyncratic to the individual obligors in the
portfolio. Let p; (x) denote the probability of default for obligbconditional on realization
x of X.

This general framework for modeling default is compatible with all of the best-known
industry models of portfolio credit risk, including the RiskMetrics Group’s CreditMet-
rics, Credit Suisse Financial Product’s CreditRiskcKinsey's CreditPortfolioView, and
KMV’s Portfolio Manager. The similarity to CreditRigkis easiest to see because that
model is written in the language of conditional default probabilities (Credit Suisse Finan-
cial Products, 1977). To obtain CreditRiskvithin our framework, assume that the risk
factors X1, ..., Xk are independent gamma-distributed random variables with mean one
and varianceslz, .. .,012(. Let p; denote the PD of obligar, and specifyp; (x) as

K
Pi(x) = pi (1 + ) wirlxx — 1)) (1)

k=1

wherew; is a vector of factor loadings with sum §, 1].3

CreditMetrics (Gupton et al., 1997), which is based on a simplified Merton model of
default, also can be cast within a conditional probability framework. It is assumed that the
vector of risk factorsX is jointly distributedN(0, £2). Associated with each obligor is a
latent variableR; which represents the return on the firm’s assBtds given by

Ri = Yrie; — Xwj, (2)

where the; are i.i.d.N(0, 1) white noise (representing obligor-specific risk). Without loss
of generality, the weightsy; and v, are scaled so thak; is mean zero, variance ofie.
A borrower defaults if and only if its asset return falls below a threshold value

3 Strictly speaking, this functional form is invalid because it allows conditional probabilities to exceed one.
In practice, this problem is negligible for high- and moderate-quality portfolios and reasonable calibrations of
theakz.

4 The usual specification hasw; added, not subtracted. The change in sign here is convenient because it
implies that thep; (x) function will be increasing i, but does not otherwise change the statistical properties of
the model. The scaling @¢; implies that the weight on the idiosyncratic factor is given/y= (1— wlffzw,-)l/z.
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To obtain the conditional default probability functign(x), observe that default occurs
if and only if ¢; < (y; + Xw;)/y;. Therefore, conditional oX = x, default by: is an
independent Bernoulli event with probability

pi(x) =Pr(e < (vi +xwj)/¥i) = D ((vi +xw;i) /i) 3)

whered is the standard normal cumulative distribution function (cdf). To calibrate the pa-
rametery;, note that the unconditional probability of defaultdsy;), soy; = @ ~1(p;).

See Gordy (2000) for a more detailed derivation of these two models and their representa-
tion in terms of conditional probabilities.

In some industry models, it is assumed that loss given default (LGD) is known and non-
stochastic. Of the credit VaR models in widespread use, those that do allow for stochastic
LGD always take recovery risk to be purely idiosyncratic. In practice, LGD not only may
be highly uncertain, but may also be subject to systematic risk. For example, the recov-
ery value of defaulted commercial real estate loans depends on the value of the real estate
collateral, which is likely to be lower (higher) when many (few) other real estate projects
have failed. Some progress has been made in capturing this effect. Frye (2000) develops an
extension of a one-factor CreditMetrics model in which collateral values (and thus recov-
eries) are correlated with the same systematic risks that drive default rates. Burgisser et al.
(2001) extend the CreditRiskmodel to include a systematic factor for recovery risk that
is orthogonal to the systematic factors for default risk.

In order to accommodate systematic and idiosyncratic recovery risk, |dakeather
than merelydefault status, as the primitive outcome variable. L&t be the exposure to
obligor i; these are taken to be known and non-stochastiet the random variablé;
denote loss per dollar exposure. In the event of survivalk= 0. Otherwise,U; is the
percentage LGD on instrumentwhich we permit to be negative to accommodate short
positions. The usual assumption of conditional independence of defaults is extended to
conditional independence of tlig. | assume that

(A-1) the{U;} are bounded in the interv@l-1, 1] and, conditional ork, are mutually
independent.

For a portfolio ofn obligors, define theortfolio lossratio L,, as the ratio of total losses
to total portfolio exposuré;i.e.,

Y iz UiA;
YA

Ly

(4)

51n practice, it need not be so simple. If the instrument is a coupon bond, book-value exposure is simply
the face value. Much bank lending, however, is in the form of lines of credit which give the borrower some
control over the exposure size. Borrowers do tend to draw down unutilized credit lines as they deteriorate towards
default. If we assume that uncertaintyAns idiosyncratic conditional on the state of the obligor and is of bounded
variance, then all the conclusions of this paper continue to hold. In this case, we intgrasetheexpected dollar
exposure in the event of obligor default.

6 For simplicity, | assume that the portfolio contains only a single asset for each obligor. Under actuarial
treatment of loss, multiple assets of a single obligor may be aggregated into a single asset without affecting the
results.



M.B. Gordy / Journal of Financial Intermediation 12 (2003) 199-232 205

For a givery € (0, 1), value-at-risk is defined as tlggh quantile of the distribution of loss,
and is denoted VaRL,]. Letw, (Y) denote theyth quantile of the distribution of random
variableY, i.e.,

ag(Y)=inf{y: Py <y) >q}. (5)
In terms of this more general notation, we have YaR, | = oy (L,).

2. Asymptotic lossdistribution under book-value accounting

Suppose that the bank selects its portfolio as thesfiedements of an infinite sequence
of lending opportunities. To guarantee that idiosyncratic risk vanishes as more assets are
added to the portfolio, the sequence of exposure sizes must neither blow up nor shrink to
zero too quickly. | assume that

(A-2) theA; are a sequence of positive constants such that
(@ >7 4 A; 1 ooand
(b) there exists & > 0 such thatd,,/ >, A; = O (n~/2+0),

where order notatiorO(-) is defined as in Billingsley (1995, A18). The restrictions in
(A-2) are sufficient to guarantee that the share of the largest single exposure in total port-
folio exposure vanishes to zero as the number of exposures in the portfolio increases. As a
practical matter, the restrictions are quite weak and would be satisfied by any conceivable
real-world large bank portfolio. For example, they are satisfied if allAhare bounded
from below by a positive minimum size and from above by a finite maximum size.

Our first result is that, under quite general conditions, the conditional distributibp of
degenerates to its conditional expectatiom as co. More formally, we can show that

Proposition 1. If (A-1) and (A-2) hold, then, conditional on X = x, L,, — E[L,|x] — O,
almost surely.

The proof, which relies mainly on a strong law of large numbers, is given in
Appendix A. Note that there is no restriction on the relationship betwgesnd the dis-
tribution of U;, so there is no problem if, for example, high-quality loans tend also to be
the largest loans. Also, no restrictions have yet been imposed on the number of systematic
factors or their joint distribution.

In intuitive terms, Proposition 1 says that as the exposure share of each asset in the
portfolio goes to zero, idiosyncratic risk in portfolio loss is diversified away perfectly.

In the limit, the loss ratio converges to a fixed function of the systematic factdie
refer to this limiting portfolio as “infinitely fine-grained” or as an “asymptotic portfolio.”
An implication is that, in the limit, we need only know the unconditional distribution of
E[L,|X] to answer questions about the unconditional distribution,of For example, if
we wish to know the variance of the loss ratio, we can look to the variancelof E]:

Proposition 2. If (4-1) and (A-2) hold, then V[L,] — V[E[L,|X]] — O.
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The proof is in Appendix A.

A more important resultis, in essence, that for any (0, 1), thegth quantile of the un-
conditional loss distribution approaches tté quantile of the unconditional distribution
of E[L,|X] asn — oo. Our desired result is to have

ag(Ly) —ag (E[Ln|X]) — O. (6)

For technical reasons, however, we are limited to a slightly restricted variant on this result.
Let F,, denote the cdf of.,,. We can show:

Proposition 3. If (A4-1) and (.A-2) hold, then for any € > 0,

Fn(aq(E[Ln|X])+6)_> lq, 1], (1)
Fy (aq (E[Lnlx]) - E) — 10,41 8)

The proof is in Appendix B. For all practical purposes, this proposition ensures that
Eq. (6) will hold/ The literal interpretation of Proposition 3 is that if capital is strictly
greater than theth quantile of EL,|X], then it is guaranteed, in the limit, to cover (or, at
least, to come arbitrarily close to coveringpr more of the distribution of loss. Similarly,
if capital is strictly less than theth quantile of EL, | X], then it is guaranteed, in the limit,
to fail to cover thegth quantile of the distribution of loss (or, at least, to come arbitrarily
close to so failing).

The importance of Proposition 3 is that it allows us to substitute the quantiles of
E[L,|X] (which may be relatively easy to calculate) for the corresponding quantiles of
the loss ratid., (which are hard to calculate) as the portfolio becomes large. It should be
emphasized that we have obtained this result with very minimal restrictions on the make-up
of the portfolio and the nature of credit risk. The assets may be of quite varied PD, expected
LGD, and exposure sizes. Indeed, the portfolio need not be limited to traditional loans or
bonds, but could include credit derivatives and guarantees, tranches of structured financial
products such as collateralized debt obligations (CDOs) and asset-backed securitizations
(ABSs), and so ofi.We have bounded the support of thig, but have otherwise not re-
stricted the behavior of the conditional expected loss functions (i.e.,[tig:g).° These
functions may be discontinuous and non-monotonic, and can vary in form from obligor to
obligor. More importantly, we have placed no restrictions on the vector of risk faktdts
may be a vector of any finite length and with any distribution (continuous or discrete). The
quantiles of EL, | X] take on a particularly simple and desirable asymptotic form when we
impose two additional restrictions:

7 The difference has to do with the possibility that the unconditional distributions fofBhk, | X1} will
permit jump points (or arbitrarily steep slope) at the quantigeE[ L, | X]) asn — oo.

8 For extensions of the results of this paper to determining economic capital requirements on CDO and ABS
tranches, see Pykhtin and Dev (2002, 2003) and Gordy and Jones (2003).

9 Technically, the CreditRisk model allowslU; to exceed one, because it approximates the Bernoulli distribu-
tion of the default event as a Poisson distribution. To accommodate CreditRigkcould loosen this restriction
to a requirement that th&; have bounded variance. See the modified versiapdet) introduced in Section 3.
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(A-3) the systematic risk factox is one-dimensional; and
(A-4) thereis an openintervdl containingx, (X) and a real numberp < oo such that
(i) forall i, E[U;|x] is continuous inc on B,
(i) E[Ly|x]is nondecreasing im on B for all n > ng, and
(iii) inf yep E[Ln|x] > SUR, <inf g E[Ln|x] and
Sup.cp E[L,|x] <infy>sups E[L,|x] for all n > ng.

Intuitively, assumption(4-3) imposes a single global business cycle as the source of all
dependence across exposures. With assumptled), it guarantees that the neighborhood
of the gth quantile of EEL,|X] is associated with the neighborhood of the (unigg)
quantile of X. Without (.4-4), the tail quantiles of the loss distribution would depend in
complex ways on how conditional expected loss for each borrower variesswihmore
parsimonious way to avoid this problem would have been to require that [tigxf
be nondecreasing im for all i. However, such a requirement would exclude hedging
instruments (such as credit derivatives) and obligors with counter-cyclical credit risk. As-
sumption(.4-4) allows for some U; to be negatively associated with, just so long as,
asymptotically and in aggregate, such instruments do not alter the monotonic dependence
of losses on the systematic factor wh¥ns near the relevant “tail event.” Furthermore,
(A-4) allows HL,|x] to be discontinuous or locally nonmonotonicirwhenx is not in
the neighborhood af, (X).

For notational convenience, define functiensx) = E[U;|x] and

Yol ni(X)A;

M, (x)=E[L,|x]= Zn A,
=144

9
We now have

Proposition 4. If (A-3) and (A-4) are satisfied, then oy (E[L,|X]) = E[L, | ag(X)] =
M, (ay (X)) for n > no.

Proof. Fixn > ng. If X <ay(X), thenM,(X) < M, (y(X)), SO
Pr(Mn(X) < Mn(aq(X))) Z Pr(X < Olq(X)) 2q.

Fix any y < My(aq(X)), and letz = supx: M,(x) < y}. (A-4) guarantees that <
ag(X), so

Pr(M,(X) <y) <Pr(X <%) <gq.
Therefore,

inf{y: Pr(M,(X) <y) > q} = My (aq(X)). O

The importance of this result lies in the linearity of the expectations operator. Whereas
a4 (E[L,|X1) may in the general case be highly complicateld, H «, (X)] is simply the
exposure-weighted average of the individual assets’ conditional expected losses. Taken to-
gether with Propositions 1 and 3, Proposition 4 permits a simple and powerful rule for
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determining capital requirements. For assetllocate capital per dollar book value (inclu-
sive of expected loss) @f = u; (o4 (X)) + €, for some arbitrarily smak.10 Observe that
this capital charge depends only on the characteristics of instrunagk thus this rule is
portfolio-invariant. Portfolio losses exceed capital if and only if

n n
ZU,’A,’ >ZC,'A,'. (20)
i=1 i=1

Given our rule forc; and the definition of,,,

Pr(Xn:UiAi > ,Xn:CiAi) = Pr(L,l > (i:A,) Xn:(ui (ocq (X)) +e)Ai)

i=1
=Pr(L, > E[L, | 0q(X)] +€) > [0,1—q].

Thus, capital is sufficient, in the limit, so that the probability of portfolio credit losses
exceeding portfolio capital is no greater than §, as desired.

If additional regularity conditions are imposed in order to eliminate the possibility
of discontinuities at the desired quantiles, the insolvency probability converges ip 1
exactly fore = 0. A simple way to achieve this would be to require tié&tbe con-
tinuous and that thet; (x) functions have bounded derivatives. However, we can be
rather less restrictive, as we really need only to guarantee that the asymptotic portfolio
loss cdf is smooth and has bounded derivatives in the neighborhood gthitguantile
value. The following condition is sufficient to circumvent the technical caveats of Proposi-
tion 3.

(A-5) There exists an open intervAlcontaininge, (X) on which
(i) the cdf of systematic factaX is continuous and increasing,
(ii) forall i, u;(x) is differentiable, and
(iii) there are real numbe®& § andngo < oo such that O< § < M), (x) < 8§ < o©
for all n > no.

This assumption allows for a non-trivial share of the portfolio to consist of hedged instru-
ments or loans to counter-cyclical borrowers.
In Appendix C, | show that

Proposition 5. If assumptions (.A-1)—(.A-5) hold, then Pr(L, < E[L, | 24(X)]) — ¢ and
letg (Ln) — E[Ly | ag(X)]| — 0.

Therefore, for an infinitely fine-grained portfolio, the proposed portfolio-invariant cap-
ital rule provides a solvency probability of exactly

10 |n most practitioner discussions, it is assumed that expected loss is charged against the loan loss reserve and
that “capital” refers only to the amount held against unexpected loss. In this paper, “capital” refers to the gross
amount set aside.
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The results of this section closely parallel recent developments in techniques for capital
allocation in a market risk setting. Gouriéroux et al. (2000), Tasche (2000) and others show
how to take partial first derivatives of VaR.In terms of the notation used here, the first
derivative is given by

dory (L)
éiA,» =E[U; | Ln = aq(Ly)]. (11)

Under the assumptions of Proposition 5, the conditlgn= «,(L,) is asymptotically
equivalent toX = a,(X), which implies that marginal VaR is equal {; (o (X)).
Gouriéroux et al. (2000) require that the joint distribution of the lo4é¢$ be contin-

uous, as otherwise VaR need not be differentiable. This presents a problem in application
to credit risk modeling, as credit risk is largely driven by discrete events (e.g., defaults).
The approach taken here in obtaining Proposition 5 allows for the distributioh tof be
discrete or mixed?

Portfolio-invariance depends strongly on the asymptotic assumption and on the assump-
tion of a single systematic risk factor. Portfolios that are not asymptotically fine-grained
contain undiversified idiosyncratic risk, which implies that marginal contributions to VaR
depend on what else is in the portfolio. As a practical matter, residual idiosyncratic risk
need not be an impediment to ratings-based capital allocation. Large internationally ac-
tive banks are typically (though not invariably) near the asymptotic ideal. Furthermore, the
techniques of Section 4 allow for a simple portfolio-level correction.

Assumption(.4-3) is much less innocuous from an empirical point-of-view. It can be
relaxed only slightly. Say that some group of obligors shared dependence on a “local”
risk factor. Conditional on the global risk factdf, the {U;} within the group would no
longer be independent, though they would remain independent dftiheoutside the
group. So long as the within-group exposunesggregate account for a trivial share of
the total portfolio (i.e., they could be aggregated into a single exposure without violating
assumptiorn(.A-2)), the local dependence can be ignored.

Even the largest banks have geographic and industrial concentrations at some level. If
these larger-scale sectors are not perfectly comonotonic, then portfolio-invariance is lost.
Say we had two risk factors, and obligors could differ in their sensitivity to each factor. The
realizationgx1, x2) associated with a given quantile of the loss distribution would then de-
pend on the particular set of obligors in the portfolio. In intuitive terms, the appropriate
capital charge for a loan to a heavif -sensitive borrower would depend on whether the
other obligors in the portfolio were predominantly sensitiv&lto(in which case the loan
would add little diversification benefit) or t&, (in which case the diversification benefit
would be larger). To take a simple example, }&t represent the US business cycle and
X» the European business cycle. Consider the merger of a strictly domestic US, asymptot-
ically fine-grained portfolio with another asymptotically fine-grained bank portfolio. If the
second portfolio were also exclusively US, then no diversification benefit would ensue, and
required capital for the merged portfolio should be the sum of the capital charges on the

11 This problem was solved independently by several authors. See references in Tasche (2002, Section 4).
12 Tasche (2000) provides slightly less stringent conditions for differentiability. Tasche (2001) applies Eq. (11)
to a discrete model (CreditRi$R, and discusses the technical issues that arise.
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two portfolios. However, if the second portfolio contained European obligors, then there
would be a diversification benefit (as longXs and X2 were not perfectly comonotonic),
and the merger should result in reduced total VaR. Therefore, capital charges could not be
portfolio-invariant.

Finally, observe that “bucketing” has not appeared, per se, in the derivation. Indeed, the
w; functions need not even share a common form across instruments. Sorting into a finite
number of statistically homogeneous buckets is helpful for purposes of calibration from
data, but is not needed for portfolio-invariant capital charges to be obt&ined.

3. Asymptotic lossdistribution under mark-to-market valuation

Actuarial models are simple to calibrate and understand, and fit naturally with tradi-
tional book-value accounting applied to bank loan books. However, much of the credit risk
is missed, especially for long-dated highly rated instruments. Because losses are deemed
to arise only in the event of default, no credit loss is recognized when, say, a two-year
AA-rated loan downgrades after one year to grade BB. Under a mark-to-market (MTM)
notion of loss, credit risk includes the risk of downward (or upward) rating migration, short
of default, when the instrument’s maturity extends beyond the risk horizon. Even for insti-
tutions that report on a book-value basis, it may be desirable to calculate capital charges
within a MTM framework in order to capture the additional risk associated with longer
instrument maturity.

“Loss” is an ambiguous construct in a mark-to-market setting. | follow one widely used
convention in defining the loss ratg on asset as the difference between expected and
realized value at the horizon, discounted by the risk-free rate and divided by current mar-
ket value'* For exampley; = 0.2 represents a 20% loss, and= —0.05 represents a
5% gain. Other definitions can be applied without changing the results below. | redefine
“exposure size’A; as the current market value.

Credit risk arises due to uncertainty ih. As before, | assume a vector of systematic
risk factorsX and that theU; are conditionally independent. The parameterization and
calibration of theu; (x) = E[U;|x] functions can draw on existing industry models such as
CreditMetrics. Say, for example, that we have a rating system @itton-default grades
(gradeG + 1 denoting default), and for each obligowe have a set of unconditional tran-
sition probabilitiesp;, for gradeg at the horizon. From these we calculate threshold values
vig for obligori’s asset returk; (see Eq. (2)), such that obligordefaults if R; < yi.G,
and transits to “live” gradeg if y; ; < R; < yi,,—1. The variablegX, €1, ¢2,...,¢,) are
i.i.d. N(OQ, 1). Therefore, the conditional transition probabilities are given in CreditMetrics

13 Multi-state models such as CreditMetrics and CreditPortfolioView typically calibrate PDs to a finite set of
rating grades, but the factor loadings may be set at the individual obligor level. In this case, each obligor would
comprise its own “bucket.” In the KMV model, there is a continuum of “rating grades,” so buckets do not arise in
any natural way.

14 Coupon payments, if any, are assumed to be accrued to the horizon at the risk-free rate. Some convention also
must be imposed on which intra-horizon cashflows are received on defaulting assets. In practice, how coupons
are handled has little effect on the loss distribution, and no qualitative effect on the asymptotics.
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by

pig(x) = ¢((Vi,gfl +xw;)/\/1— w,2> - ¢((Vi,g +xw;)/y/1- w,z) (12)

and the unconditional transition probabilities determine the thresholds; as=
& (Ppigi1+ -+ PiG1)-

Consider a zero-coupon instrument maturing at or after the horizon. Assume the current
value A; is known, and leb; ¢ (x) be the value of instrumentat the horizon conditional
on the obligor migrating to rating. In standard implementations of CreditMetrics, pricing
at the horizon is done by discounting future contractual cash flows, where the spreads for
each grade are taken as fixed and known. In principle, however, we can allow spreads to
be non-stochastic functions &f. The conditional expected mark-to-market value at the
horizon is

G

MTM; (x) = Z Vig (X) pig (x) + A; (1 — E[LGD;|x]) pi,G+1(x), (13)
g=1

where A; is the size of the bank’s legal claim on the obligor in the event of a default.
Coupons can easily be accommodated in this pricing formula as well with some additional
notation. The conditional expected loss functipnéx) are then given by

i () = M(E[MTM,'(X)] — MTM; (1)), (14)

whereT is the time to horizon and is the risk-free yield for ternf".

The results of the previous section can be adapted to a mark-to-market setting without
difficulty. In contrast to the actuarial case, the MTM loss rate is not necessarily bounded.
To accommodate the MTM case, | modify assumpiiginl) as follows:

(A-1) Conditional onX, the{U;} are independent. The conditional second moment of
loss exists and is bounded; i.e., there exists a functigr) such that IEUi2|x] <
T (x) < oo for all instruments and realizations. Furthermore, B (X)] < oo.

This version of the assumption is strictly weaker than the version of Section 1.

For a given portfolio ofz assetsL,, as defined in Eq. (4), is the discounted portfolio
market-valued credit loss at the horizon as a percentage of current market value. | find that
all of the propositions of Section 2 continue to hold, as stated, under the relaxed version
of assumption(.A-1). Indeed, the proofs given in the appendix explicitly rely only on the
relaxed version. The results in no way depend on the assumptions and conventions of
CreditMetrics, which are described above for illustrative purpd3&s. the same logic as
before, the appropriate asymptotic capital charge per dollar current market value for asset

i is simply w; (orq (X)).

15 In the spirit of KMV Portfolio Manager, for example, one could replace Eq. (12) with the conditional density
function for the default probability at the horizon. The summation in Eq. (13) would be replaced by an integral,
and thev;, would be obtained using risk-neutral valuation. Valuation in the default state in Eq. (13) also would
be modified.
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4. Capital adjustmentsfor undiversified idiosyncratic risk

No portfolio is ever infinitely fine-grained: real-world portfolios have finite humbers
of obligors and lumpy distributions of exposure sizes. Large portfolios of consumer loans
ought to come close enough to the asymptotic ideal that this issue can safely be ignored, but
we ought not to presume the same for even the largest commercial loan portfolios. Unless
ratings-based capital rules are to be abandoned for a full-blown internal models approach,
we require a methodology for assessing a capital add-on to cover the residual idiosyncratic
risk that remains undiversified in a portfolio.

Consider a homogeneous portfolio in which each instrument has the same conditional
expected loss functiop(x) and the same exposure size. Under assumptidn3) and
(A-4) and suitable regularity conditions,

ag(Ly) = pag (X)) + 0 (n71). (15)

That is, the difference between the VaR for a given finite homogeneous portfolio and its
asymptotic approximation is proportional tgril

One way to obtain this result is through a generalized Cornish—Fisher expansion due to
Hill and Davis (1968) for a sequence of distributions converging to an arbitrarily differ-
entiable limiting distribution. Thegth term in the expansion af, (L,) is proportional to
the difference between thgh cumulants of the distributions fdr, and L. Under very
general conditions, the cumulants (fok 2) converge ab (»~1). The difficulty is in spec-
ifying precisely a set of regularity conditions under which the Cornish—Fisher expansion is
guaranteed to be convergent.

Building on the results of Gouriéroux et al. (2000), Martin and Wilde (2002) derive
Eq. (15) more rigorously as a Taylor series expansion of VaR around its asymptotic value.
Although the necessary regularity conditions remain slightly opaque, the main additional
requirementis that the conditional varianceMx] is locally continuous and differentiable
in x. Furthermore, Martin and Wilde show that t&ér 1) term is given byg/n wheré®

-1 d <V[U|x]h(x)>

P=mma\~ v

(16)

x=0g(X)

and wheréi(x) is the density ofX.

Of course, Eq. (15) is in itself an asymptotic result. When we say that convergence is
at rate ¥n, we are saying thdor large enough n the gap between VaR and its asymptotic
approximation shrinks by half whenis doubled. Short of running the credit VaR model,
there is no way to say whether a giveis “large enough” for this relationship to hold. To
see whether our “An rule” works well for realistic values of and realistic model cali-
brations, | examine the behavior of VaR in an extended version of CreditRTie virtue
of CreditRisk" for this exercise is that it has an analytic solution. We not only can exe-
cute the model for any very quickly, but also avoid Monte Carlo simulation noise in the
results. However, the standard CreditRiskodel assumes fixed loss given default, and

16 Eq. (16) is obtained through less formal arguments in Wilde (2001).
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so ignores a potentially important source of volatififyFor the special case of a homoge-
neous portfolio, it is not difficult to augment the model to allow for idiosyncratic recovery
risk.

As in the standard CreditRisk assume that the systematic risk fack¥is gamma-
distributed with mean one and variangé. Each obligor has the same default probability
p and factor loadingv. Each facility in the portfolio has identical exposure size, which
is normalized to one, and identical expected LGD. The functional form for conditional
expected loss function is

p(x) =E[LGD]- p(1+ w(x — 1)). (17)

To introduce idiosyncratic recovery risk, assume LGD for each obligor is drawn from a
gamma distribution with meanand variancey?. This specification is convenient because
the sum ofm independent and identical gamma random variables is gamma-distributed
with meanm and variancenn?. Let G,, denote the gamma cdf with this mean and vari-
ance. Letr,, denote the probability that there will be defaults in the portfolio; these
probabilities are calculated in the usual way in CreditRiskKhe cdf of L, can then be
obtained as

Pr(L, <Y) =Y 7tnGu(ny). (18)

m=0

Long beforen approaches, ther,, become negligibly small, so numerical calculation of
Eq. (18) presents no difficulty. A minor disadvantage of this specification is that it allows
LGD to exceed one. However, so longiais not too large, aggregate losses in the portfolio
will be well-behaved, so the problem can be ignored.

For this model, the asymptotic slopeas given by

1 1 o2-1 1-w
,8:5()»2+n2)(;(1+ aq(X))(aq(X)+T) —1). (19)

This formula generalizes a formula derived in Wilde (2001) under the specific parameter
values used in the Basel proposal.

Calibration is intended to be qualitatively faithful to available data. When CreditRisk
is calibrated to rating agency historical performance data, as in Gordy (2000), one finds a
negative relationship betwegnandw. By contrast, when a Merton model such as Cred-
itMetrics is calibrated to these data, there is no strong relationship between PD and factor
loading. This makes sense, as there is no strong reason to expect that average asset-value
correlation should vary systematically across rating grades. To make use of this stylized
fact in our calibration, | choose a constant asset-value correlation of 15% in CreditMet-
rics, and calculate a within-grade default correlation for each grade. Shifting back to
CreditRisk", | set a conservative but reasonable value ef 2 for the volatility of X, and
then calibratew for each rating grade so that the within-grade default correlation matches

17 The standard model also implies a discrete loss distributiom: iksreases, the “steps” in the loss distribu-
tion are realigned, which causes local violations of monotonicity in the relationship betwsehVaR.
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Table 1
Convergence of value-at-risk

VaR,[L,] for values ofn

Rating p w 200 500 1000 2000 5000 00

A 0.06 1011 Q723 Q0521 Q445 Q406 Q381 0364
BBB 0.20 0836 1425 1190 1106 1064 1038 1020
BB 1.25 0602 5217 4947 4856 4810 4783 4764
B 6.25 0415 17881 17584 17485 17435 17405 17385
CCcC 1750 0295 37663 37335 37226 37172 37139 37117

Notes. Default probabilities and VaR expressed in percentage points. Simulations agsaré®95, o = 2,
A =0.5, andn = 0.25.

the value from CreditMetric The remainder of the calibration exercise is straightfor-
ward. | choose stylized values for the default probabilities, and assume that LGD has mean
0.5 and standard deviation 0.25. The chosen coverage tagget 3995 of the loss distri-
bution.

Results are shown in Table 1 for five rating grades. The final columando) provides
the asymptotic capital charge, so the difference between each column and the final column
represents the “true” granularity add-on. Even for portfolios of onkt 200 homoge-
neous obligors, granularity add-ons are small in the absolute sense (under 60 basis points).
However, the add-ons can be large relative to the asymptotic capital charge for investment
grade obligors. For a homogeneous portfolio of 200 A-rated loans, the granularity add-on
is roughly equal to the asymptotic charge.

Figure 1 demonstrates the relationship between the theoretical granularity add-on and
1/n for three homogeneous portfolios. For an extremely low-quality portfolio (CCC rat-
ing), the predicted linear relationship holds dowmte= 2001° For the medium-quality
(BB rated) portfolio, there are visible but negligible departures from the predicted linear
relationship whem < 500. For a high-quality portfolio (A-rated), departures from linear-
ity are visible at: = 1000 and become significant at lower values dBecause departures
from linearity are in the concave direction, a granularity adjustment calibrated to the as-
ymptotic slopeg would slightly overshoot the theoretically optimal add-on for smaller
high-quality portfolios.

In the case of a non-homogeneous portfolio, determining an appropriate granularity
add-on is only slightly more complex. The method of Wilde (2001) accommodates hetero-
geneity (the YU |x] andu(x) termsin Eq. (16) become[¥.,|x] andM,, (x), respectively).

An alternative two-step method also appears to work quite well and may be better suited to
a regulatory setting. The first step is to map the actual portfolio to a homogeneous “com-
parable portfolio” by matching moments of the loss distribution. The second step is to
determine the granularity add-on for the comparable portfolio. The same add-on is applied
to the capital charge for the actual portfolio.

18 see Gordy (2000) for more details on the choicerodnd on using within-grade default correlations for
consistent calibration across the two models.

19 The slope between each plotted point is constant to six significant digits for both B (not shown) and CCC
portfolios.



M.B. Gordy / Journal of Financial Intermediation 12 (2003) 199-232 215

T T T
— o cCC 0
— x BB -
o5 L=+ A 7 ]
// X
c 04r // /,” J
o . -
S /ﬂ - +
© . .
< e e
Z o3 A .
— e -
< P e
>S5 % - +
c 7 Piie
© o) -
— L 4 - -
&5 02 P
/// st
0.1+ O .
// /+
0 1 1 1 1 1 L
1/5000 1/2000 1/1000 1/500 1/300 1/200
1/n

Fig. 1. Granularity add-on as linear function ofsl Note. The “true” granularity add-on in the extended
CreditRisk™ model is plotted with symbols for three homogeneous portfolios of various sizes. The lines show
the corresponding theoretical add-on for this model.

Consider a heterogeneous portfoliomotending facilities divided amon@ buckets.
Within each buckeb, every facility has the same Pp,, factor loadingw;, expected
LGD A, and LGD volatility 5. Exposure sizegt; are allowed to vary across facilities
in a bucket. To measure the extent to which buékekposure is concentrated in a small
number of facilities, we require the within-bucket Herfindahl index givet? by

— Zieb Ai2
- (Zieb Ap?
The higher isH,, the more concentrated is the exposure within the bucket, so the more
slowly idiosyncratic risk is diversified away. The matching methodology takes bucket-level
inputs{ py, wp, Ap, N, Hp} and total bucket exposure. This data structure may be especially
convenientin a regulatory setting with bucket-level reporting requirements.

The goal is to construct the comparable portfolio as a portfolig‘afqual-sized facili-
ties with common PLp*, factor loadingw*, and LGD parametets® andn™*. In principle,
a wide variety of moment restrictions could be used to do the mapping, but it seems best to

Hp,

20 The Herfindahl index is a measure of concentration in very widespread use in antitrust analysis, and should
be familiar to many practitioners.
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choose moments with intuitive interpretation. Appendix D develops a matching procedure
based on five moments:

exposure-weighted expected default rate,

expected portfolio loss rate,

contribution of systematic risk to loss variance,

contribution of idiosyncratic default risk to loss variance, and
contribution of idiosyncratic recovery risk to loss variance.

Under this methodology, each of the parameters of the comparable portfolio is given by an
explicit linear equation that can be interpreted as a weighted average of the characteristics
of the heterogeneous portfolio. Most interestingly, the number of le&rsan be inter-

preted as an inverse measure of weighted exposure concentration. Finally, the asymptotic
slopeg* for the comparable homogeneous portfolio is given by Eg. (19).

The portfolio data needed for the mapping method should pose minimal additional
reporting burden for regulated institutions. Default probability, expected LGD and total
bucket exposure would need to be reported by the bank to calculate the asymptotic capi-
tal charge. Factor loadings and LGD volatilities would likely be assigned as functions of
the p, and Ap; this is indeed the case in the proposed IRB approach (Basel Committee
on Bank Supervision, 2001). The only new required inputs, the within-bucket Herfindahl
indices, are easily calculated from the individual exposure sizes.

Matching lower-order moments gives no guarantee that the loss distribution for the com-
parable portfolio will display higher-order moments very close to those of the original
heterogeneous portfolio. Tail quantiles of the loss distribution are sensitive to higher-order
moments, so the performance of the methodology needs to be confirmed on a range of em-
pirically plausible portfolios. As an example, | construct a portfolio of 600 obligors divided
equally across four buckets. The buckets represent high investment grade, low investment
grade, high speculative grade and moderate-to-low speculative grade. Factor loadings are
calibrated as in Table 1. Expected LGDs for the buckets are set to 0.3, 0.2, 0.6, and 0.5,
respectively, and the LGD volatility is set g = 0.5\/A,(1 — A;). Table 2 displays the
bucket-level parameters.

Table 2
Bucket-level parameters of stylized portfolio

p w A U
1 0.05 1.040 0.3 0.229
2 0.50 0.715 0.2 0.200
3 1.00 0.629 0.6 0.245
4 5.00 0.440 0.5 0.250

Note. Default probabilities in percentage points.

21 The matching procedure specified in the proposed granularity adjustment of Basel Committee on Bank
Supervision (2001, Chapter 8) is based on a different set of moments but follows similar intuition.
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Exposure size for facility is set toi%; i.e., A; is $1 for the first exposure, $16 for the
second, $81 for the third, and so on. The exposures are assigned to buckets by turn. The first
exposure is assigned to Bucket 4, the second to Bucket 3, the third to Bucket 2, the fourth
to Bucket 1, the fifth to Bucket 4, and so on. Looking at the portfolio as a whole, | find that
the largest 10% of exposures account for roughly 40% of total exposure, which matches
the empirical rule of thumb reported by Carey (2001) for concentration of outstandings.
Also, portfolio exposure is roughly split between investment and speculative grades, which
appears to be typical of a commercial loan portfolio at a large bank (see Treacy and Carey,
1998, Chart 3).

| first obtain parameters for the comparable homogeneous portfolio. The comparable
portfolio hasn* = 2187 obligors, which is under 40% of the obligor count of the origi-
nal portfolio2? Each obligor has PD of 1.64% and factor loadint= 0.487. Loss given
default has expected value 0.491 and volatility 0.2%By construction, the comparable
portfolio matches the original portfolio in its expected loss rate of 0.804%. For each port-
folio, the standard deviation of the loss rate is 0.918%. Once the comparable portfolio is
determined, the asymptotic slopes calculated for the target quantije Finally, | approx-
imate VaR, for the original portfolio as its asymptotic VaR plﬂg/n*.

Results are shown in Table 3 for three tail valuegyoRow (i) presents estimates of
VaR obtained by direct simulation of the original portfolio. Row (ii) presents the asymp-
totic VaR for the original portfolio given by ., |, (X)]. Row (i) shows VaR for the
comparable portfolio obtained using the cdf in Eq. (18). The granularity adgj-om" is
shown in row (iv). Row (v) sums the asymptotic VaR and granularity add-on to get our
approximation. Tracking error between rows (v) and (i) is shown in the final row.

The procedure works well for all values @f Despite the relatively small obligor count
in the comparable portfolio, the error due to linear approximation of thie flile” is min-
imal. At ¢ = 99.5%, our approximated VaR overshoots its target by 2.2 basis points.

Table 3
Direct and approximated estimates of VaR

Target quantileg

Estimates 99.0 99.5 99.9

(i) “True” VaR 4577 5.522 7.872
(ii) Asymptotic VaR 4220 5.109 7.260
(iii) VaR for comparable portfolio  4.570 5.535 7.872
(iv) Granularity add-on 0.357 0.435 0.627
(v) Approximated VaR 4578 5.544 7.886
(vi) Tracking error 0.001 0.022 0.014

Notes. All guantities expressed in percentage points. “True”
VaR estimated by simulation with 300,000 Monte Carlo trials.

22 Note that the procedure for calculating the granularity add-on does not reguioebe an integer.

23 |n practice, as in this exercise, LGD volatility is often assumed to be a simple function of expected LGD.
Reporting requirements and computations could be simplified by settisgVLGD (1*). While this ignores the
effect of nonlinearity in VLGD, the difference is typically small. In our example, VLGD would have been
0.250.
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It should be emphasized that the theoretical underpinnings for the granularity adjust-
ment apply equally to mark-to-market models. The simple linear formulae for parameters
of the comparable homogeneous portfolio depend on the linear functional forms assumed
in CreditRisk". Specifications based on more complex models, e.g., KMV Portfolio Man-
ager or CreditMetrics, imply more complex mapping formulae whose inputs need not be
reducable to bucket-level summary statistics (e.g., Herfindahl indices). However, it seems
reasonable to conjecture that one can achieve tolerable accuracy using crude rules based
on the CreditRisk formulae. What is most important is that there be a reasonably accurate
measure for the “effective” obligor count in a heterogeneous portfolio. Most bank portfo-
lios are heavy-tailed in exposure size distribution, and thus may have an eftettivat
is an order of magnitude smaller than the raw obligor count in the portfolio.

5. Asymptotic properties of alternativerisk measures

Industry application of credit risk modeling to capital allocation appears almost invari-
ably to equate soundness with a coverage target for value-at-risk. However, because it
ignores the distribution of losses beyond the target quantile, VaR has significant theoretical
and practical shortcomings. As has been emphasized in recent literature on risk measures,
VaR is not sub-additive. That is, £ 4 and Ly are losses on bank portfolios and B,
then we need not have VaRL4 + L] < VaR,[La] + VaR,[L g], which would imply
that a merger of bank A and bank B coultrease VaR; see Frey and McNeil (2002, Sec-
tion 2.3) for an example based on credit risk measurement. Sub-additivity is one of the four
requirements for a “coherent” risk measure as set forth by Artzner et al. (1999).

Under the assumptions needed to achieve portfolio-invariance,[YaR+ Lg] =
VaR,[L 4] + VaR,[L ], so sub-additivity is preserved in mergers of asymptotically fine-
grained portfolios. Even in this case, however, VaR can be manipulated by splitting the
portfolio. Under an actuarial definition of loss, for example, a portfolio consisting of a sin-
gle loan with default probability under2 ¢ has VaR = 0, but the same loan has positive
contribution (assuming positive dependencé&/odn X) to VaR in an asymptotically fine-
grained portfolio. Segregating this loan from the larger portfolio does not change the VaR
contributions of the remaining loans, so VaR is unambiguously reduced.

Another problem is that a mean-preserving spread of the loss distribution can de-
crease VaR. This results in a counterintuitive non-monotonic relationship between within-
portfolio correlation and VaR. Correlations increase with factor loadings, and, when factor
loadings are low to moderate, VaR does as well. However, as factor loadings are pushed
higher and higher, the loss distribution becomes increasingly long-tailed. VaR then shrinks
towards the median, while the probability of a cataclysmic loss increases. In the limiting
case of perfectly comonotonic losses, the default rate is either zero (with probabiljgy 1
or one (with probabilityp). If p <1 — ¢, then VaR, = 0. For a survey discussion of the
potential pitfalls of VaR, see Szeg6 (2002).

As an alternative to VaR, Acerbi and Tasche (2002) propose using genedieetéd
shortfall (ES), defined by

ES[Y1=1— @) HELY - Lysa, oyl +ag(¥)(g — PHY <aqg(Y)))). (20)
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The first term is often used as the definition of expected shortfall for continuous variables.
Itis also known as “tail conditional expectations.” The second term is a correction for mass
at thegth quantile ofY. Under this definition, Acerbi and Tasche (2002) show that ES is
coherent and equivalent to Rockafellar and Uryasev’s (2002) CVaR.

Expected shortfall offers some important advantages as a soundness standard. By Acerbi
and Tasche (2002, Corollary 3.3), £iS continuous and monotonicén so small increases
in the “stringency” of the capital rule (as controlledd)lead to small increases in required
capital. ES is nondecreasing with any mean-preserving spread in the loss distribution, so
ES cannot decrease as factor loadings rise.

In Appendix E, | show that

Proposition 6. If assumptions (A-1)—(A-5) hold, then [ES;[L,] — ES;[M,(X)]| — 0.

An immediate implication is that ES-based capital charges are portfolio-invariant under
the same assumptions as VaR-based capital charges. The asymptotic expected shortfall,
ES,[M,(X)], can be decomposed &% ; ¢;A;)/(3_; Ai), where the capital charge per
dollar of exposure ta is ¢; = E[U;|X > «4(X)]. Observe that; depends only on how
U; depends or¥, and so is portfolio-invariant. Under a variety of model specifications,
¢; has an analytical solution, so there is no operational difficulty in calibrating ratings-
based capital charges to an ES soundness standard.

Another alternative to VaR iexpected excess loss (EEL). For a random variablg and
target loss raté > 0, EEL is defined by

EELy[Y]=inf{y: E[(Y —y»)T] <0}, (21)

whereY ™+ denotes may’, 0). Under the EEL paradigm, an institution holds capital (plus
reserves) so that the expected credit loss in excess of capital is less than or equal to the
target loss rate. That is, the required total capital is given by,EEL per dollar of total
exposure.

EEL is sensitive to the tail of the loss distribution, so shares many of the advantages of
ES. More importantly, the target raeteepresents the expected loss borne by the depository
insurance agency (such as the FDIC in the US), so EEL-based capital has a natural policy
interpretation. Unlike ES, however, EEL cannot be reconciled with portfolio-invariant cap-
ital charges. Some intuition for this problem can be gained by writing the asymptotic EEL
for homogeneous portfolios in terms of the distribution of the systematic risk factor. As-
sume we have loans of two types, denotetidnd “b”. Let 1, (x) denote the expected loss
for bucketa loans conditional oiX = x. By reasoning very similar to that of Proposition 6,
we can show that

E[(La — "] = E[(ka(X) — y) ]

for anyy. Therefore, the asymptotic EEL capital chatges set so that Eu, (X) — c,)™]
equals the desired target Similar analysis for buckét givescy.

Now say we have a mixed portfolio containing equal numbers of loansdrandb. For
simplicity, the exposures are equal-sized. Asymptotic EEL capital for the mixed portfolio
is given by EEly[u,,(X)]. By construction of the mixed portfolio, we haye,(X) =
(a(X) + up(X))/2. If asymptotic EEL were portfolio-invariant, ther), = (¢, + ¢p)/2
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would satisfy

0 =E[(tm(X) — )] (22)
We now require the following triangle inequality:

Lemma 1. If Y1 and Y> are integrable random variables on a common probability space,
then

E[(r1+ Y2 "] <E[Y] ]+ E[YS ]
IfPr((Y1 <0< Y2) Vv (Y2 <0< Y1)) > 0, then theinequality is strict.

Proof is given in Appendix F.
The conditions of Lemma 1 apply 1 = (i ;(X) — ¢;)/2, which gives us

E[(,U«m(x) - Cm)+] < E[((Mu (X) — Ca)/2)+] + E[((Mb(x) - Cb)/2)+] =0. (23)

In general, the threshold realization &fat which u,(x) = ¢, does not equal the corre-
sponding threshold for portfolib, so for some interval ot values we will have either
Wa(x) —cqg <0< up(x) —cp OF g (x) —cqg > 0> up(x) — cp. Therefore, the inequality
in Eqg. (23) will in most situations be strict, which implies that is too strict a capital

requirement for the asymptotic mixed portfolio.

To provide a rough idea of how much we overshoot required capital in a mixed port-
folio, | apply EEL to an asymptotic, single systematic factor version of CreditRisik
Appendix G, | show that asymptotic EEL takes on a relatively simple form in this model.
Table 4 presents EEL- and VaR-based capital requirements for homogeneous asymptotic
portfolios of different credit ratings. Parameters for each rating grade and the volatility
of X are taken from Table 1. The “EEL” and “VaR” columns in Table 4 report required
capital charges (gross of reserves) for an EEL targét-6f.00002 (i.e., 0.2 basis points)
and a VaR target of = 99.5%, respectively. The value éfwas chosen to equate capital
requirements under the two standards for an obligor at the border of investment and spec-
ulative grades (i.e., between BBB and BB). In this example, the EEL standard produces
lower (higher) capital requirements than VaR for the higher (lower) grades.

| next form mixed portfolios. In each case, | assume an asymptotic portfolio of equal-
sized loans, half of which are in one bucket and half in another bucket. It is straightforward

Table 4
Asymptotic EEL and VaR capital charges
EEL VaR

AA 0.050 Q135
A 0.131 Q248
BBB 0.571 Q709
BB 4,135 3397
B 19.352 12657
Cccc 45550 27390

Note. Capital in percentage points.
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Table 5

Asymptotic EEL for mixed portfolios

Bucketa Bucketb cm (ca +c¢p)/2 Error (%)
AA A 0.088 Q090 +2.7

A B 8.378 9741 +16.3
BBB BB 2.210 2353 +6.5
AA CcCcC 19658 22800 +16.0

Note. Capital charges expressed in percentage points.
to show that the conditional expected loss rate for a mixed portfolio is

1 1
pon () = SHa (%) + Spp(x) = AP (14+wn(x — 1) (24)

wherep,, = (pa + pp)/2 andw,, = (pawa + ppwp)/(2pm). Theu, (x) take on the same

form as for homogeneous portfolios, so the tools of Appendix G apply without modifica-
tion. Results for four different mixed portfolios are presented in Table 5. The third column
shows the EEL for the mixed portfolio, while the fourth column shows the average of the
EELs for homogeneous portfolios of the two constituent buckets. The final column shows
the “tracking error” as a percentage of the third column. As one would expect, the average
of the homogeneous capital charges overshoots the correct mixed-portfolio capital charge
by a relatively small (though non-negligible) amount when the two buckets are adjacent.
For a mix of grades AA and A, we overshoot by under 3%. For a mix of BBB and BB, we
overshoot by 6.5%. If distant buckets are mixed, the overshoot is much larger (over 16%
for the two examples in the table).

Discussion

Ratings-based assignment of capital charges offers significant advantages in regulatory
application. The current Accord is itself a simple ratings-based framework. The proposed
new Accord will introduce additional bucketing criteria and make better use of information
in borrower ratings, yet still be viewed as a natural extension of the current regime. Because
the capital charge for a portfolio is simply a weighted sum of the dollars in each bucket,
ratings-based systems are relatively simple to administer and need not impose burdensome
reporting requirements. Validation problems are also limited in scope. As the new Accord
is currently envisioned, the most significant empirical challenge facing supervisors would
likely concern the quality of default probability estimates for internal grades.

Though not often recognized in the debate on regulatory reform, in practice many (if
not most) large banks apply ratings-based rules for allocation of capital at the transaction
level. Even at institutions that have implemented models for portfolio management and
portfolio-level capital assessment, there may be reluctance to apply the implied marginal
capital requirements to assess hurdle rates for individual transactions. Computational and
information systems burdens may be substantial. More important perhaps, line managers
are likely to oppose any performance monitoring system in which a loan that could be
booked one day at a profitable credit spread becomes unprofitable the next due only to
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changes in the composition of the bank’s overall portfolio. The need for stability in business
operations thus favors portfolio-invariant capital charges at the transaction level.

This paper shows how risk-factor models of credit value-at-risk can be used to justify
and calibrate a ratings-based system for assigning capital charges for credit risk at the in-
strument level. Ratings-based systems, by definition, permit capital charges to depend only
on the characteristics of the instrument and its obligor, and not the characteristics of the
remainder of the portfolio. Risk-factor models deliver this property, which Ipatfolio-
invariance, only if two conditions are satisfied. First, the portfolio must be asymptotically
fine-grained, in order that all idiosyncratic risk be diversified away. Second, there can be
only a single systematic risk factor.

Violation of the first condition, which occurs for every finite portfolio, does not pose a
serious obstacle in practice. Analysis of rates of convergence of VaR to its asymptotic limit
leads to a robust and practical method of approximating a portfolio-level adjustment for
undiversified idiosyncratic risk.

The second condition presents a greater dilemma. The single risk-factor assumption,
in effect, imposes a single business cycle on all obligors. A revised Basel Accord must
apply to the largest international banks, so the risk factor should in principle represent the
global business cycle. By assumption, all other credit risk is strictly idiosyncratic to the
obligor. In reality, the global business cycle is a composite of a multiplicity of cycles tied
to geography and to prices of production inputs. A single-factor model cannot capture any
clustering of firm defaults due to common sensitivity to these smaller-scale components of
the global business cycle. Holding fixed the state of the global economy, local events in, for
example, France are permitted to contribute nothing to the default rate of French obligors.
If there are indeed pockets of risk, then calibrating a single-factor model to a broadly
diversified international credit index may significantly understate the capital needed to
support a regional or specialized lender.

Would empirical violation of the single-factor assumption necessarily render a risk-
bucket capital rule unreliable and ineffective? The answer depends on the scope of ap-
plication and the sophistication of debt markets. Regulators will need to use caution and
judgment in applying risk-bucket capital charges to institutions that are less broadly diver-
sified. One should note that the current Basel Accord, which is itself a risk-bucket system,
is applied to an enormous range of institutions, so it seems unlikely that a reformed Accord
would bring about any greater harm.

More generally, the ability of banks to subvert ratings-based capital rules by exploiting
the inadequacy of the single-factor assumption depends on the capacity of debt markets to
recognize and price different risk factors. At present, such capacity appears to be lacking.
Partly because markets do not yet provide precise information on correlations of credit
events across obligors, many (perhaps most) of the institutions that actively use credit VaR
models effectively impose the single-factor assumpffom the near- to medium-term,
therefore, the implausibility of the single-factor assumption need not present an obstacle

24 Users of KMV Portfolio Manager and CreditMetrics often impose a uniform asset-value correlation across
obligors. Users of CreditRisk typically assume a single-factor and a factor loadingef 1 for all obligors. In
both these examples, the user is implicitly imposing both a single systematic factor and a uniform value for the
factor loading.
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to the implementation of reformed ratings-based risk-bucket capital rules. In the long run,
however, the need to relax this assumption may impel adoption of a more sophisticated
internal-models regulatory regime.
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Appendix A. Proof of Propositions1 and 2

The proof of Proposition 1 requires a version of the strong law of large numbers for a
sequencgY, } of independent random variables and a sequémgeof positive constants:

Lemma 2 (Petrov, 1995, Theorem 6.Mf.a, 1 oo and 302 1 (V[Y,]/a?) < oo, then

! (ZY _E{ZyDﬁo as

dn
i=1

We also make use of the following lemma.

Lemma 3. If {b,} isa sequence of positive real numberssuchthat {b,} is O (n~") for some
p>1,then> ", b, < oo.

This lemma is a corollary of Theorem 3.5.2 in Knopp (1956) and the convergence of
the harmonic series/L” for p > 1 (see Knopp, 1956, Example 3.1.2.3).

We now prove Proposition 1. L&}, = U, A, anda, =) _7_; A;. For any realization,
conditional independence implies

,,i( (Y l1/a) ( ./ ZA) VLU, x].

Under the actuarial deflnltlon of losf/,,| is bounded in[0, 1], so we must have that
V[U,|x] < 1 for any X = x. For this proposition to hold under the mark-to-market par-
adigm as well, assumptiof4-1) provides a bound on \/,|x]. Therefore, under either
definition of loss, there exists a finite constéit such that

9]

3 (VI¥alx)/a?) ( ,1/2,4) .

n=1

By part (b) of assumptionoA-Z), the sequenceA, /Y !_; A;} is O(n~1/2+9) for some
¢ > 0, so the sequendgA,/ > '_; A;))?} is 0(n=1+29)). By Lemma 3, the series sum
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must be finite. By part (a) of assumptigmi-2), we haveq, 1 co. The conditions of
Lemma 2 are thus satisfied. The loss ratipis equal to)_;_; Y;/a,, so Proposition 1
is proved.

Proposition 2 follows similar logic. We require the following lemma:

Lemma 4. Let {b,} and {d,} be sequences of real numbers such that a, = Y "_; b; 1 00
andd, — 0. Then (1/a,) >4 bid; — O.

This result is a special case of Petrov (1995, Lemma 6.10). If wé,let A, and
dn = A,/ Y !_1 Ai, then assumptionA-2) guarantees that, 1 co andd, — 0, so apply
Lemma 4 to get

n 2
1 A?
- E .
D1 Ai i=1 le=1 Aj

The standard rule for conditional variance gives

-0 (A1)

Yl AZEIVIUIIXT]
(i1 A?
E[V[U;|X]] must be less than one under the actuarial paradigm. Under the mark-to-market

paradigm, we have [ [U;|X]] < E[T(X)] < oo by assumptior(.A-1). Therefore, there
exists a finite constarit* such that

VILy] = V[E[Ly|X]] = E[VIL,| X]] =

E[VIL |X]]<v*7?=1A"2 _yr L Xn: A7
n ~X -
(Z?:l Ai)z Z?:l A; im1 Z?:l Aj
1 Az

— 0.

<V .
Z?:l Aj i—1 Z;:l Aj

As E[V[L,|X]] must be non-negative and is bounded from above by a quantity converging
to zero, it too must converge to zero.

Appendix B. Proof of Proposition 3

Almost sure convergence implies convergence in probability (see Billingsley, 1995,
Theorem 25.2), so for all ande > 0,

Pr(|L, — E[Lalx]| <€|x) — L. (B.1)
If F, is the cdf ofL,, then Eq. (B.1) implies
Fy (E[Ln|x] +e€ |x) — Fy (E[Ln|x] —€ |x) -1

BecauseF), is bounded 0, 1], we must have), (E[L,|x]+¢€¢ | x) — 1 andF,(E[L,|x]—
€|x)—0.
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Let S;- denote the set of realizationsof X such that [EL,|x] is less than or equal to
its gth quantile value, i.e.,

St ={x: E[Lalx] < aq(E[Ln|X1)}.

By construction, Rix € S;F) > g.
By the usual rules for conditional probability, we have

Fy(og (E[Ln|X1) + €) = Fu(otg (EILs1X]) + € | X € S;)Pr(X € S;)
+ Fu(og (E[La1X]) + €| X ¢ ST)PH(X ¢S))
> Fy(og (E[Ln|X]) + €| X € SF)Pr(X € S))
> Fy(oq (E[LaIX]) +€| X € 5))q. (B.2)
Forallx € S;F, we have
Fy(otg (E[Ln|X1) + € | x) = Fu(E[Lnlx]+€|x) > 1
so the dominated convergence theorem (Billingsley, 1995, Theorem 16.4) implies that
Fu(og(E[La|X]) + €| X €SF) —> 1,
so from Eg. (B.2) we have
Fy (0t (ELLn|X1) +€) — [¢.1]

as required.
The other half of the proof follows similarly. Defing as

Sy = {x: E[Lnlx] > oy (E[La]X1)}
so that P¢x € ;) > 1—¢g. Then
Fy (ot (E[Ln|X1) — €) = Fu(otg (ELLn|X]) —€ | X ¢ S, )PH(X ¢ 5;,)
+ Fu(ag(E[Ls1X]) —€ | X €S, )PH(X €S,)
<q+ Fu(og(E[La|X]) —€| X €S, )Pr(X€S,). (B.3)
For allx € S, we have
Fy (ot (E[Ln|X1) — € | x) < Fy(E[Lnlx] —€|x) >0
so the dominated convergence theorem implies that
Fy(oq(E[Ly|X])—€| X €S,)—0,
so from Eg. (B.3) we have
F, (ozq (E[Lan]) — e) — [0, ¢]

as required.
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Appendix C. Proof of Proposition 5
The proof of Proposition 5 requires the following lemma:

Lemma5. Let Y1 and Y> be randomvariableswith cdfs F1 and F», respectively. For all y
andall € > 0,
|F1(y) = F2(»)| < Pr(|Y1 - Y2| > €)
+ max{ F2(y + €) — F2(y), F2(y) — Fa(y — €)}.

Proof. Corollary of Petrov (1995, Lemma 1.8).0

To apply Lemma5, let;1 =L, yvith cdf F,, andY, = E[L,|X] with cdf F;*. Fix an open
setB and real numbersg ands, § for which assumptiongA-4) and(A-5) are satisfied.
At every pointx € B, we have

| Fu (ELLAIR1) — F, (E[LAIR])|
<Pr(|Ly — E[Ly|X]| > €)
+ max{ F;; (E[Ln|%]1+ €) — F; (ELL,|%]), F,f (E[Ln|X]) — F;; (EL[Ls|%] —€)}
(C.1)
foranye > 0.

Forn > ng, (A-5) guarantees thaw,, (x) is strictly increasing orB, so for allx € B,
M, (X) < M, (x)ifand only if X < x, SOF,;(M,(x)) = H(x) whereH is the cdf ofX.

Fix _e* > 0 such that(x — €*, x + €*) C B. For any positiver < §¢*, we then have
X+€/8€B,sOM, (X +¢€/8) — My(x) > € for all n > no. As F,f is nondecreasing, this
implies that

Fy (E[Ln|X] 4 €) < Fy (M (5 +€/8)) = H(X 4 €/3).
Similarly, we have

Fy (E[La|3] — €) > F; (Mn(X — €/8)) = H(% — €/3).
Thus, for alln > ng,

maxX{ F; (E[L,|X] + €) — F; (E[Ln|%]). F, (E[Ln|%]) — F; (E[La|X] —€)}

< max{H()E +€/8) — H(X), H(X) — H(x — f/é)}.

Assumption(A-5) also provides tha# is continuous and increasing @, so for any
n > 0 there existg > 0 such that

max{H (£ +¢€/8) — H(X), H(&) — H(& —€/8)} <. (C.2)

By Proposition 1 and the dominated convergence theofgm; E[L,| X] converges to
zero almost surely, which implies convergence in probability as well. Therefore, for any
choice ofe > 0 andn > 0, there exista. < co such that

Pr(|L,,—E[L,,|X]‘ >e) <n Vn>ne. (C.3)
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Combining these results, we have that for any 0, there exists am > 0 such that
Egs. (C.2) and (C.3) are simultaneously satisfiedifsrmax{no, n.}. Thus,

lim | Fy (M (2)) = Y (Ma ()| - O. (C.49)

SettingX = o, (X) and observing thaF,’ (M, (¢, (X))) = H (04 (X)) = g establishes the
first result of Proposition 5.

For any positivey < 8¢* andn > ng, (A-5) implies thatM, (g (X)) — M, (ay(X) —
1n/8) < 1 S0 Fy(My(ag(X)) —n) < F(My(ag(X) —n/d)). Becausey, (X) —n/é € B, we
have by Eq. (C.4) that

| En (M (g (X) = 0/8)) — Fyy (Ma (0rq (X) = 1/8))| = 0.

For n > no, Ff(My(ag(X) — n/8)) = H(ag(X) — n/8) < q, SO there existsi_ < oo
such thatF, (M, (ag(X) — n/8)) < g for all n > 7i_. Thus, for alln > 7i_, we have that
Fu (M, (aq (X)) — 1) < g, which implies thaiM), (g (X)) — n < ag(Ly).

By a parallel argument, for all positivg < s¢* there existsii, < oo such that
M, (g (X)) + 1 > oy(Ly) for all n > 7y, Thus, for alln > max{n_,n.}, we have
leeg (L) — My (aq(X))| < n. As nn can be made arbitrarily close to zero, the second re-
sult of Proposition 5 is established.

Appendix D. Construction of the comparable homogeneous portfolio

Moment restrictions provide a convenient and intuitive way to map the heterogeneous
portfolio into a homogeneous portfolio af* equal-sized facilities with common Pp*,
factor loadingw*, and LGD parameters’ andn*.

Let s, denote the share of total portfolio exposure held in bugkee.,

_ Zieb A
Sp=— -
2 Ai
The first two restrictions equate exposure-weighted expected default rate and expected
portfolio loss rate:

B B

pr= Z ppsy and A*p* = Z)»bﬁbsb- (D.1)
b=1 b=1

Thus,A* is the expected loss rate divided by the expected default rate; i.e.,

P e Pbsh

==
Zb:l PbSh

The remaining moment restrictions equate across the actual and comparable portfolios

the contribution to loss variance from different sources of risk. The contribution of system-
atic risk (i.e., ME[L|X]]) takes the simple form

P (D.2)

B 2
V[E[L,|X]] =02 ( > )\bﬁbwbsb) . V[EIL*X]] = o2 (3 p*w*)?,
b=1
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which implies

Wt — Zb MbpbwbSb (D.3)
S b1 kb Dbt
Note thatw* is simply an expected loss-weighted average ofithe
The contribution of idiosyncratic risk to loss variance (i.YHE.,| X1]) works out to
B
E[VILaIX1] = > (A3 (p6(1 = b) — (Pows0)?) + porg) Hpsp,
b=1

| [N

E[VIL*IX]] = — (A**(5* A = 5" = (F"w"0)?) + 5"n*?).

Terms containing.?(p(1 — p) — (pwo)?) represent the contribution of idiosyncratic de-
fault risk, and terms containingn? represent the contribution of idiosyncratic recovery
risk. By matching these two contributions separately, | get the final two restrictions needed
for identification. The number of exposures in the comparable portfolio works out to

B -1
n* = (Z Abes,E) (D.4)

b=1
where

_ A (e (A= pp) — (Powpo)?)

- V(A= pY) = (Prwro)?)
Finally, the variance of LGD for the comparable portfolio is given by

B
2_n* _
n* :FE g pb Hpsj- (D.5)
b=1

Appendix E. Proof of Proposition 6

Expected shortfall is the sum of expected loss in the tail and a correction term for mass
at the VaR boundary. Under the given assumptions, the latter term disappears asymptot-
ically both in ES[L,] and EQ[M,(X)]. Forn > ng, the variableM, (X) is continuous
in the neighborhood o#4, (¢, (X)) and, by Proposition 4y, (M, (X)) = M, (o (X)); this
implies P(M,, (X) < M, (xy(X))) = q. By Chebyshev's inequality and assumptiof+1),
we have

E[M,(X)?] < E[T(X)]
S PHM,(X) > My(ag(X)) — 1—gq

so the sequend@/, (¢, (X))} is bounded from above. Therefore,

My (g (X))° <

’

ag(Ma(X))(q — Pr(Mu(X) < g (Mn(X)))) =0 Vn > no.
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Although L, need not be continuous, arguments parallel to those used in the proof
of Proposition 5 show that PE, > «4(L,)) — 1 — ¢. That proposition also provides
that oy (L) — M, (aq(X))| — O, soa, (L,) is asymptotically bounded from above. This
implies

nli_)moo|aq (L,,)(q — Pr(L,, <oyg (Ln)))| =0.
To complete the proof, we now only need show that

ElLn - Lz, 200 way] — E[Mn(X) - L, () (a0} ]| = O (E.1)

LetY, = (L, —ay(L,)) and lety, = (M, (X) — Myp(aq(X))). The terms of Eq. (E.1) can
be re-written as

E[Ma(X) - Lim, () 200 (M (x0))]
= E[(Ma(X) = M (ctg(X))) - 11,0~ My (g () >0}]
+ My (otg (X)) E[ L1, 00> My g ()]
= E[max{ ¥y, 0}] + My (ctg (X)) Pr(My (X) = My (g (X))

and similarly
E[Ln - Lz, >0, L) = E[MaXY,. O} + oy (Ln) P(Ly = ag(Ly)).
As |y (Ly) — My(ay(X))| — 0 and
nleoo Pr(Ly > aq(Ly)) = nleoo Pr(Mu(X) = My(ag(X)))=1—q.
we have
|otg (L) PH(Ly = 0tq (L)) — My (0q (X)) Pr(M; (X) = My (0q(X)))| = O.
Forally, y € %, |maxy, 0) — maxy, 0)| < |y — y|. Therefore,

|E[max ¥, 0}] — E[max{¥,, 0}]|
<E[|Y, = V] SE[|Ln = Ma ()] + |etg (L) — My (org (X)) .

As each of these terms converges to zero, Eq. (E.1) is established.

Appendix F. Proof of Lemma 1

Let (£2, F, P) be the probability space fdfy andY». Divide £2 into two subsets

By = {w: 0< min(Y1(w), Y2(w)) v max(Y1(w), Y2(w)) < 0},
By = {a)Z (Yl(a)) <0< Yz(a))) \% (Yz(a)) <0< Yl(a)))}.
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Observe thatB1 U B, = £2 and B1 N B> = @. If Y is an integrable random variable on
(82, F, P), we can write

E[Y™] :/max(Y(w), 0) P(dw)

2
:/max(Y(a)),O)P(da))+/max(Y(a)),O)P(da)).
By By

The setB; contains allw for which Y1 and Y> are either both positive or both neg-
ative. Under both these circumstances, (Yatw) + Y2(w), 0) equals ma’1(w), 0) +
max(Y2(w), 0), so

/ max(Yl(a)) + Yo (w), O)P(da))

B
= / max(Y1(e), 0) P(dw) + / max(Y2(w), 0) P (). (F.1)
B1 B

The setB; contains alk» for which Y1 andY> are of opposite sign, so

/ max(Yl(a)) + Yo (w), O)P(da))

By
< / max(Y1(w), 0) P (dw) + / max(Y2(w), 0) P (dw). (F.2)
By By

Summing left and right hand sides of Egs. (F.1) and (F.2), we obtain

E[(r1+ Y2t <E[Y] ]+ E[Y;]. (F.3)

If P(B2) > 0, then the inequality in Eq. (F.2) is strict, and therefore the inequality in
Eq. (F.3) is strict as well.

Appendix G. Asymptotic EEL in CreditRisk*

| derive the asymptotic EEL for a homogeneous portfolio under a single-systematic-
factor version of CreditRisk. Let p denote default probability, denote LGDw denote
factor loading, and- denote the volatility of systematic fact&r. The conditional expected
loss rate in the CreditRiskspecification is given by Eq. (17). As— oo, L, converges
to u(X), so asymptotic EEL is equal to the valuecadolving

e ¢]

0= E[(,LL(X) — c)+] = / (y,(x) — c)h(x)dx, (G.1)

w1
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whereh(-) is the gamma density with mean one, variaade Using Abramowitz and
Stegun (1968, 6.5.1, 6.5.21) to solve this integral, | obtain

_ _ _ 1 EL - -w -1 2 l/(r2 _qul(c)
0=(EL—-c)(1-H(u () + FTi11/09 (k™) /o%) exp<702 )
(G.2)

whereH (-) denotes the gamma cdf,L is expected loss\(p), and
c—(1—-w)-EL
w-EL
The gamma cdf is available in nearly all numerical packages. Standard software for
solving nonlinear equations quickly finds the capital ratiwshich covers EEL target. In

the special case ef = 1, the gamma distribution reduces to the exponential distribution,
and Eq. (G.2) simplifies to

o) =

0=w-EL-exp(—u ().
This yields the closed-form solution

EELy[Lol=c=EL—w-EL-(1+In@®) —In(w- EL)).
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